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This paper addresses the analysis, validation, and application of analytic, nonperturbative, semiclassical
vibration – translation (V – T ) and vibration – vibration – translation (V – V – T ) rate models for atom – di-
atom and diatom – diatom vibrational molecular energy transfer collisions. These forced harmonic oscil-
lator (FHO) rate models are corrected and validated by comparison with recent experiments, and with
three-dimensional semiclassical trajectory calculations for N2– N2, O2– O2, and N2– O2, which are consid-
ered to be the most reliable theoretical data available. A remarkably good overall agreement is shown
for both the temperature and quantum number dependence of single-quantum and double-quantum V
– V – T transitions in the temperature range 200 # T # 8000 K and for vibrational quantum numbers 0
# v # 40. It is demonstrated that the multiquantum vibrational energy transfer processes occur via a
sequential FHO mechanism, as a series of virtual single-quantum steps during one collision. An important
exception, asymmetric multiquantum V – V exchange at low temperatures, that occurs via a direct � rst-
order mechanism, is discussed. Analytic thermally averaged FHO V – T and V – V rates are suggested.
The FHO model gives new insight into vibrational kinetics and may be easily incorporated into kinetic
modeling calculations under conditions when � rst-order theories are not applicable.

I. Introduction

V IBRATIONAL energy transfer in collisions of diatomic
molecules plays a fundamental role in molecular lasers,

gas discharges, plasma chemical reactors, high-enthalpy gas-
dynamic � ows, and in upper atmosphere chemistry. In these
environments, it creates and maintains strongly nonequilibrium
molecular vibrational energy distributions (VDFs) that induce
nonequilibrium chemical reactions, electronic excitation, dis-
sociation, and the ionization of diatomics.1– 4 The rates of these
high energy threshold processes are determined by the popu-
lations of the high vibrational levels of molecules. These pop-
ulations are often controlled by vibration– translation (V – T )
processes

AB(i ) 1 M AB( f ) 1 M (1)

and vibration – vibration– translation (V – V – T ) processes

AB(i ) 1 CD(i ) AB( f ) 1 CD( f ) (2)1 2 1 2

involving highly vibrationally excited molecules. In Eqs. (1)
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and (2), AB, CD, and M represent diatomic molecules and an
atom, respectively, and i1, i2, f1, and f2 are vibrational quantum
numbers.

There exists an extensive literature on the experimental and
theoretical study of V – T and V – V – T energy transfer.5– 10

However, experimental data for the processes [Eqs. (1) and
(2)] at high quantum numbers are available only for a few
species such as CO, NO, and O2,

11– 15 and only for low tem-
peratures, up to several hundred degrees celsius. Among nu-
merous theoretical models available in the literature, one may
separate the following major approaches: 1) exact quantum
calculations, 2) classical and semiclassical trajectory calcula-
tions, 3) � rst-order perturbation theory (FOPT), and 4) analytic
nonperturbative methods.

The exact fully quantal calculations7 are extremely compu-
tationally laborious. Therefore, they are usually made for a
simpli� ed model of collinear collision of harmonic oscillators,
for low vibrational quantum numbers,16– 18 and for use as tests
for more approximate approaches.

Among classical and semiclassical methods8 we mention the
semiclassical close-coupled method developed by Billing9 for
three-dimensional molecular collisions with a realistic inter-
molecular potential. Close-coupled trajectory calculations by
this method have been performed for a number of diatomic
species, including H2, N2, O2, and CO, in a wide range of
temperatures and vibrational quantum numbers.19– 24 Unfortu-
nately, the direct use of this and other semiclassical methods
in modeling calculations is dif� cult because of the considera-
ble amount of computer time that would be required, while
suggested analytic parametrization has very little or no theo-
retical basis.

As is well known, the FOPT, based on a collinear colli-
sion model [Schwartz-Slawsky-Herzfeld (SSH) theory, Rapp -
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– Englander-Golden model, Sharma – Brau theory, etc.25– 30],
more or less reliably gives only the single-quantum transition
probabilities [ u i – f u = 1 in Eq. (1) or u i1 2 f1 u , u i2 2 f2 u , u i1 1
i2 2 f1 2 f2 u # 1 in Eq. (2)], for conditions such that they are
much smaller than unity. The FOPT fails at high temperatures,
high vibrational quantum numbers, and for multiquantum tran-
sitions, when the two-state approximation breaks down. How-
ever, the FOPT, with several a posteriori corrections, is widely
used in kinetic modeling calculations, mostly because of its
simplicity.

Finally, there exists a semiclassical nonperturbative analytic
solution for the V – T and V – V – T transition probabilities of
Eqs. (1) and (2) for a harmonic oscillator acted upon by an
external exponential force.31– 33 This is the solution that is
called the forced harmonic oscillator (FHO) model through-
out this paper. The FHO model was originally developed for
the simpli� ed collision model, and it neglects the role of
vibration – rotation coupling. However, it does take into ac-
count the coupling of many vibrational states during a colli-
sion, which is crucial not only for multiquantum processes but
also for single-quantum processes at high collision velocities
and high quantum numbers.9

The present paper addresses modi� cations and extensions of
the FHO theory, and its validation by comparison with recent
experiments and more advanced theoretical models. The main
objective is development of nonperturbative analytic theory of
V – V – T rates with predictive capability beyond the range of
currently available experiments, which allows easy use in
plasma kinetic modeling and in the modeling of gasdynamic
� ows.

II. FHO Transition Probabilities
The FHO theory assumes that each V – T or V – V – T tran-

sition [see Eqs. (1) and (2)] occurs as a series of virtual one-
quantum steps during a single collision. The total transition
probability is evaluated by adding the probability amplitudes
of all energy allowed pathways. The number of pathways, not
necessarily unique even for single-quantum transitions, dra-
matically increases with the number of accessible quantum
states of a colliding system, e.g., for multiquantum transitions,
diatom – diatom collisions, and also for high-energy collisions.

Summarizing the results of Kerner,31 Treanor,32 and Zele-
chow et al.,33 one obtains the following analytical expressions
for the V – T transition probabilities [see Eq. (1)] in collinear
atom – diatom collisions

2n r(21) 1i1 fP (i ® f, e ) = i! f ! e exp(2 e )VT UO Urr!(i 2 r)!( f 2 r)! er=0

(3)

and for V – V – T probabilities [see Eq. (2)] in collinear di-
atom – diatom collisions

n

(i 1 i ) ( f 1 f )1 2 1 2P (i , i ® f , f , «, r) = C CVVT 1 2 1 2 r11,i 11 r11, f 11UO 2 2
r=0

1/23 exp[2i( f 1 f 2 r)r] ? P (i 1 i 2 r ® f1 2 VT 1 2 1

2

1 f 2 r, 2«) (4)2 U
In Eq. (3), i and f are the initial and � nal vibrational quantum
states of the molecules, respectively, n = min(i, f ), and « is
the average number of quanta transmitted to the initially non-
vibrating oscillator. In Eq. (4), where the square root is always
taken with a positive sign, i1, i2, f1, and f2 are initial and � nal
vibrational states of colliding partners, respectively, n = min
(i1 1 i2, f1 1 f2), « has the same meaning as in Eq. (3), and

is the transformation matrix. An explicit expression for the(k)C ij

calculation of matrix can be found in Ref. 33.(k)C ij

The parameters « and r in Eqs. (3) and (4) are simply related
to the two-state FOPT transition probabilities PFOPT(1 ® 0) and
PFOPT(1, 0 ® 0, 1). For example, for a purely repulsive ex-
ponential intermolecular potential V(r) ; exp(2ar), one
has26,27– 29

2 2 2˜2p v(m /m)g pv
22« = P (1 ® 0) = S ? sinh (5)FOPT VT S D2a h av̄

1/2r = (4 ?P (1, 0 ® 0, 1))FOPT

1/2 1/2
2 2 2 2 2 2 2˜4m g g a v̄ a v̄1 2

= S ? > S ? (6)VV VVS D S Dm m v v v v1 2 1 2 1 2

In Eqs. (5) and (6), v, v1, and v2 are oscillator frequencies;
is the collision-reduced mass; m, m1, and m2 are oscillatorm̃

reduced masses, g = g1 = mB/(mA 1 mB); g2 = mC/(mC 1 mD);
and is the symmetrized collision velocity. In the present pa-v̄
per, we de� ne as an arithmetic average of the initial and thev̄
� nal collision velocities. As in any other semiclassical rate
model, symmetrization is used to enforce energy conservation
and detailed balance. SVT and SVV are corrective steric factors,
0 < S < 1, originating from the noncollinear nature of colli-
sions, and will be discussed later. To take into account the
effect of the intermolecular attraction on the V – T relaxation
at low temperatures, when this effect might be substantial, in-
stead of Eq. (5) one should use the expression

(1 1 f)pv2cosh F G
2 2 2 av̄˜8p v(m /m)g

« = P (1 ® 0) = S ?FOPT VT 2a h 2pv2sinh S Dav̄

(7)

obtained in Ref. 34 for the intermolecular Morse potential. In
Eq. (7)

2 1 2 1/2˜f = (2/p)tan [(2E /mv̄ ) ] (8)

where E is the Morse potential well depth.
The V – T and V – V – T probabilities [Eqs. (3 – 6)], have been

compared with exact quantum calculations for collinear ge-
ometry and show very good agreement at low quantum states
and high collision energies, including multiquantum tran-
sitions.35– 39

To use the FHO transition probabilities for simulation of
vibrational relaxation of real gases (including transitions
among high vibrational quantum numbers), some obvious cor-
rections have to be made. First, we suggest determining the
steric factors SVT and SVV from the comparison of the � rst-
order probabilities PFOPT(1 ® 0) and PFOPT(1, 0 ® 0, 1) of
Eqs. (5) and (6) to the results of more advanced three-dimen-
sional close-coupled calculations at low collision velocities.
We realize that these parameters do not re� ect the dynamics
of a real collision and are purely phenomenological. The only
justi� cation for their use is that, as we will show here, they
work quite satisfactorily, being the same for several molecular
systems in a wide temperature range.

Second, to generalize Eq. (4) for the case of nonresonance
V – V transitions and for V – V exchange between different spe-
cies, we use the two-state FOPT result,6 replacing r given by
Eq. (6) with the expression

j 2 uv 2 v u 2V1 2
r = r ? , j = = (9)j

sinh(j ) av̄ av̄

In the present paper, we use the correction of Eq. (9) rather
than the results of Ref. 39 for asymmetric diatom – diatom col-
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lisions between different species, because the results of Ref.
39 have not been presented in a closed analytical form.

Finally, to account for the anharmonicity of a real oscillator,
as a � rst approximation we use a frequency corrected harmonic
oscillator, replacing the frequencies v, v1, v2 in Eqs. (5 – 7)
and (9) by average frequencies

u (E 2 E )/(i 2 f ) u , i ¹ fi fv = E = v i ? [1 2 x (i 1 1)]i e euE 2 E u , i = fi11 i
(10)

V = uv 2 v u1 2

where ve and xe are vibrational quantum and anharmonicity of
a molecule, respectively. Assumption (10) has been made also
by Billing and Fisher19,20 in their close-coupled calculations of
V – T and V – V rates. They found that it weakly affects the
values of the coupling matrix elements, compared to those of
the exact Morse oscillator, and results in less than a 30% cor-
rection to the rates.

III. Thermally Averaged FHO Rates
For modeling calculation purposes, the thermally averaged

FHO probabilities can be obtained using asymptotic represen-
tation of the probabilities given by Eqs. (3) and (4). It was
� rst shown in Ref. 6 that the rather cumbersome analytical
forms of Eqs. (3) and (4) can be simpli� ed by the following
analytic formulas. For the V – T probabilities of Eq. (3) and
for pure V – T probabilities (M = i2 = f2) of Eq. (4) we can use

2 1/2P (i ® f, «) = P (i, M ® f, M, «)?exp(«) = J [2(n «) ]VT VT s s

(11)

where

1/s

max(i, f )!
s = u i 2 f u, n = (12)s F Gmin(i, f )!

and for the pure V – V probabilities (i1 1 i2 = f1 1 f2) of Eq.
(4), we can use

2 (1) (2) 2 1/2P (i , i ® f , f , r) = J {2[n ?n ?r /4] } (13)VV 1 2 1 2 s s s j

where

1/s
max(i , f )!k k(k)s = u i 2 f u, n = , k = 1, 2 (14)k k s F Gmin(i , f )!k k

In Eqs. (11) and (13), Js is the Bessel function of the sth order.
Using the Bessel function expansion in a series40

2k` kz (21) z
J (z) =s S D O S D2 k!G(s 1 k 1 1) 2k=0

s
2z 1 z

> exp 2 (15)S D S D2 s! 4(s 1 1)

and using the simpli� cations of Eqs. (11) and (13), one obtains
the following approximation of probabilities (3) and (4)

P (i ® f ) = P (i, M ® f, M, «)? exp(«)VT VT

s(n ) 2ns ss= ?« ? exp 2 « (16)S D2(s!) s 1 1

s(1) (2) s 2 (1) (2) 2[n n ] r 2n n rs s j s s j
P (i , i ® f , f ) > ? ? exp 2VV 1 2 1 2 S D F G2(s!) 4 s 1 1 4

(17)

The approximation of Eq. (16) applied to atom – diatom colli-
sions works extremely well. On the other hand, expressions

(16) and (17) for diatom – diatom collision are valid only as
long as the V – V – T probabilities are separable into two in-
dependent V – T («-dependent) and V – V (r-dependent) modes.
One can see from Eqs. (3) and (4) that this is not so at very
high collision velocities, when the parameters « and r may
both become comparable to unity [see Eqs. (5) and (6)]. From
Eqs. (3) and (4), one can show that for diatom – diatom colli-
sions, Eq. (16) is valid if

2r /4 << 1 (18)

while Eq. (17) is correct if

« << r/2s (19)

If conditions (18) and (19) do not hold, then the probabilities
depend on both parameters « and r (V – T and V – V modes
become mixed), and the general equation, (4), should be used.

Following the usual Landau – Teller – Herzfeld procedure,5

one can average the probabilities [Eqs. (16) and (17)] over the
one-dimensional Boltzmann distribution

`
2˜ ˜m 2mv

k(T ) = Z P(v̄)? exp v dv (20)S D E S DkT 2kT0

to obtain thermally averaged V – T and V – V rates. In Eq. (20),
Z is the gas – kinetic collision frequency. For V – T processes,
the integral in Eq. (20) is evaluated by the steepest descent
method, assuming pv >> in Eq. (5) (pv >> for allav̄ av̄
except the most energetic collisions, which only play a signif-
icant role at thermal energies T $ 105 K). The result of this
steepest descent integration is

s

u9
n Ss VTS D1/2 1/62u2p s u9

k(i ® f, T ) = Z ? CVTS D S D23 1 d (s!) T
1/3

2s u9 2/33 exp 2 (1 2 f )mF S DT

2C 1 usVT 33 1 2 s(1 2 C ) exp (21)VTS D G S D2 C 2TVT

where

2 2 2 2˜8p v (m /m)g hv
u9 = , u = (22)2a k k

31 2 C 2pv 2VT 21 2 1/2˜d = , f = tan [(2E /mv ) ] (23)m m03C av C pVT m0 VT

and CVT determines the collision velocity vm at which the in-
tegrand in Eq. (20) reaches the maximum

1/3

v 1 2n u9 2pvm sC = > 1 2 n 1 S exp 2VT VTF S D S DGv s (s 1 1) u av Cm0 m0 VT

(24)

where n = 0 for atom – diatom collisions and n = 1 for
diatom – diatom collisions. In Eqs. (23) and (24), vm0 is the
Landau – Teller most effective velocity

1/3
2pvskT

v = (25)m0 S D˜am

Note that factor fm in Eq. (21) determines the effect of the
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intermolecular attraction on the V – T relaxation rate [cf. Eq.
(7)], which makes Eq. (21) applicable also at low temperatures.

Similarly, for far-from-resonance V – V processes (p V >>
, one obtains from Eqs. (6) and (17)av̄)

k(i , i ® f , f , T )1 2 1 2

1/2 s 1/6(1) (2) s 2 2 22p [n n ] S p V s u9s s VV
= Z ? CVVS D S D S D2 23 1 d (s!) v T

1/32 2s u9 C 1VV 33 exp 2 1 2 s(1 2 C )VVF S D S D GT 2 CVV

Vs
3 exp (26)S D2kT

where now

2 2 3˜4p V m 1 2 C 2pVVV
u9 = , d = (27)2 3a k C av CVV m0 VV

1/3(1) (2) 2 2v 2n n p V 2pVm s s
C = = 1 2 S exp 2VV VVF S DG2v s(s 1 1) v av Cm0 m0 VV

(28)

1/3

2pVskT
v = (29)m0 S D˜am

Transcendental Eqs. (24) and (28) each have a single root and
in practical calculations can be easily solved by the Newton
method. At s = 1 and « << 1, r << 1, CVT > CVV > 1, and
Eqs. (21) and (26) reduce to give the result of the SSH theory.5

Finally, for resonance V – V energy exchange (V = 0), exact
integration of Eq. (20), where is given by Eqs. (6) andP(v̄)
(17), gives

2s 0 1 s®n ^P &®s 1 0k(i , i ® i , i , T ) = Z ? (30)1 2 2 1 s112 0 1®s! 2n ? ^P &®s 1 0
1 1S Ds 1 1

where

2S a kTVV0 1®^P & = (31)®1 0 2 ˜2v m

is the thermally averaged FOPT probability of Eq. (6).27– 29

Again, Eq. (30) gives the result of the SSH theory if s = 1,
& << 1. The gap between the far-from-resonance [Eq.0 1®^P ®1 0

(26)] and the exact resonance [Eq. (30)] V – V rates can be
� lled by multiplying the resonance rate [Eq. (30)] by the en-
ergy defect function G(l), similar to that suggested by Keck
and Carrier41

1 2 (2/3)l 2(2/3)l–G(l) = (3 2 e )e (32)2

where l is proportional to the vibrational energy defect DE,

1/2 1/2

1 u9 uDE u 1 u9 V
l = = (33)S D S DT s ?ku T vp 2 p 2Ï Ï

and that provides very good accuracy both for single-quantum
and multiquantum transitions, compared to the rates, obtained
by numerical integration of the probabilities [Eq. (4)] over the
Boltzmann distribution [Eq. (20)].

From Eqs. (18) and (25) one can easily estimate that Eq.
(21) for diatom – diatom collisions can be used if

T << T ; u9/s (34)VT

where u9 ; 107 K for N2 and O2. A similar estimate, using Eq.
(19) and the most probable velocity for resonance V – V pro-
cesses

1/2˜v ; [(2s 1 1)?kT/m] (35)m

shows that the V – V rates of Eq. (30) can be used if

u9 u9
2xs x ?e << 1, T = (36)2u (2s 1 1)x

This estimate gives T << TVV ; 105/(2s 1 1) K for nitrogen.
At higher temperatures, the V – V mode becomes strongly af-
fected by the V – T mode, and rates of Eqs. (26), (30), and (32)
should not be used. Calculations using Eqs. (3) and (4) show
that at T >> TVV, the V – V – T processes occur as two inde-
pendent V – T processes, so that the probabilities can be fac-
torized

P(i , i ® f , f ) > P(i , f )?P(i , f ) (37)1 2 1 2 1 1 2 2

Note that, according to our assumption (10), parameters v and
V, used throughout this section, are given by Eq. (10).

Finally, comparison of the FHO and the FOPT probabilities
for the multiquantum transitions (see Appendix) proves that
both V – T and V – V multiquantum processes principally occur
via a sequential FHO mechanism, rather than via a straight-
forward FOPT mechanism. As a result, we obtain simple an-
alytic formulas for nonperturbative V – T and V – V rate con-
stants that are applicable up to very high temperatures, at high
vibrational quantum numbers, and also for multiquantum vi-
brational energy transfer.

IV. Validation and Discussion
Before we discuss the validation of the FHO model, de-

scribed in Sec. III, it is necessary to outline the area of its
applicability. First of all, because it remains based on the sim-
ple collision model, the FHO model does not account for
strong vibration– rotation coupling, important for vibrational
energy transfer in hydrogen and in hydrogen halides.42 Further,
the model cannot be expected to predict V – V – T probabilities
for reactive collisions or for collisions involving nonadiabatic
electronic transitions, as presumably occurs in NO – NO.43

Also, the FHO model, in its present form, cannot predict the
probabilities of transitions induced by multipole– multipole at-
tractive forces, which are known to strongly affect the V – V
probabilities for CO – CO and CO – N2 at low temperatures.23,24

However, it has been previously shown44 that the FHO V – T
and V – V – T scaling relationships given by Eqs. (3) and (4)
are independent of the intermolecular potential. The interaction
potential determines only the parameters « and r in Eqs. (3)
and (4). The scaling relations (3) and (4) have also been shown
to agree well with the exact quantum calculations45– 47 for the
Lennard – Jones 12-6 potential, which accounts for the long-
range attraction.38 In this case, the parameters « and r in Eqs.
(3) and (4) are also calculated for the same 12-6 potential,
rather than taken from Eqs. (5 – 7). Therefore the FHO model,
with properly evaluated « and r, might be generalized for het-
eronuclear diatomics. Finally, the FHO model is expected to
work reasonably well for relatively heavy homonuclear dia-
tomics, such as N2 and O2.

To validate the use of the corrected FHO model for kinetic
modeling calculations, it has to be compared with experimental
data, or, if they are not available, with more advanced theo-
retical models. Experimental information for the high vibra-
tional level transition probabilities in homonuclear diatomics
is limited to recent stimulated emission pumping (SEP) results
for O2– O2 and N2– O2.

13– 15 Three-dimensional quantum cal-
culations for these molecules, to our knowledge, are not avail-
able. However, there exists an extensive database on V – T and
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Fig. 4 Single-quantum near-resonance V – V rates for N2– N2.
——, FHO model; – – – , calculations of Ref. 20; ? ? ? ? ? , FOPT,
kVV(40, 40 ® 39, 41).

Fig. 3 Single-quantum nonresonance V – V rates for N2– N2.
——, FHO model; – – – , calculations for Ref. 20. 1, T = 200 K; 2,
T = 300 K; 3, T = 500 K; 4, T = 1000 K; 5, T = 2000 K; 6, T =
10,000 K.

Fig. 2 Double-quantum V – T rates for N2– N2. ——, FHO model;
– – – , calculations of Ref. 20; ? ? ? ? ? , FOPT, kVT(10 ® 8) and kVT

(20 ® 18).

Fig. 1 Single-quantum V – T rates for N2– N2. ——, FHO model;
– – – , calculations of Ref. 20; ? ? ? ? ? , FOPT, kVT(20 ® 19).

V – V rates for diatomic molecules, obtained by Billing,9 using
close-coupled, semiclassical, three-dimensional trajectory cal-
culations. This is considered to be the most comprehensive and
reliable database available at this time. For validation of the
FHO model, in addition to the experimental data,13– 15 we used
the results of these calculations for three molecular systems,
N2– N2,

20 O2– O2,
21 and N2– O2.

22

In our calculations, we use an intermolecular Morse poten-
tial with the exponential repulsion parameter a = 4.0 A2 1 and
a well depth E = 200 K, chosen to � t the potentials used in

Refs. 20 – 22. Parameters « and r in Eqs. (3) and (4) have been
calculated using Eqs. (6), (7), and (9). The corrective steric
factors S, used in Eqs. (5 – 7) (Sec. II), have been obtained
from matching the two FHO probabilities at relatively low
collision velocities, when the V – T and V – V modes are sep-
arable

P(1, 0 ® 0, 0) > S ?«VT at low v (38)2P(1, 0 ® 0, 1) > S ? r /4VV

to the results of Refs. 20 and 21. It has been found that the
values SVT > 0.5 and SVV > 0.04 provide very good agreement
between the FHO model probabilities and the three-dimen-
sional calculations for N2– N2 and O2– O2 in a wide tempera-
ture range. In other words, the steric factors have been found
to be temperature independent and approximately the same for
both molecules. These values of SVT and SVV are used in all
subsequent calculations, and they are the only � tting param-
eters in the present model.

The following series of � gures compares the results of the
FHO model, calculated using Eqs. (21) and (30 – 33), to those
of Billing and co-workers (Refs. 20 – 22) and to the experi-
mental data.

A. N2– N2

Figure 1 shows the single-quantum V – T rates for N2– N2

and those reported by Billing and Fisher.20 The agreement is
remarkably good in the entire temperature range 200 – 8000 K,
for vibrational levels v # 40. This behavior is quite different
from that of the two-state SSH theory, which does not consider
multiquantum relaxation properly and therefore overpredicts
the single-quantum V – T rates at high temperatures and at high
vibrational levels (see Fig. 1). The FHO double-quantum V –

T rates for high quantum numbers also agree well with Bill-
ing’s results (Fig. 2), whereas the corresponding FOPT rates
are smaller by several orders of magnitude. This fact illustrates
the dominance of the sequential FHO mechanism of multi-
quantum V – T relaxation over the straightforward FOPT mech-
anism, as discussed in Sec. III.

Figures 3 – 5 show the single-quantum and double-quantum
V – V rates. The overall agreement between the FHO model
and the Billing data for the V – V mode, although still satis-
factory, is not as good as for the V – T mode. This may be
explained by a stronger effect of vibration – rotation coupling
on the V – V rates. From Fig. 5, it is clear that the double-
quantum V – V processes also preferentially occur by the se-
quential mechanism, as predicted in Sec. III, because the FOPT
rates are again much smaller than the FHO rates, especially at
high temperatures.

Note that the V – V probabilities33 that can be obtained from
Eq. (4) by taking all PVT = 1 have been previously compared
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Fig. 5 Single- and double-quantum nonresonance V – V rates for
N2– N2. ——, FHO model; – – – , calculations of Ref. 20; ? ? ? ? ? ,
FOPT, kVV(18, 12 ® 20, 10).

Fig. 6 Single-quantum V – T rates for O2– O2. ——, FHO model;
– – – , calculations of Ref. 21.

Fig. 7 Single-quantum nonresonance V – V rates for O2– O2.
——, FHO model; – – – , calculations of Ref. 21.

Fig. 8 Relaxation rate of the vibrationally excited oxygen. ——,
FHO model; – – – , calculations of Ref. 21.

Fig. 9 V – V rate for N2– O2 (1, 0 ® 0, 1). ——, FHO model; best
� t to experimental data, Ref. 51.

with close-coupled calculations20 for the single-quantum V – V
transitions in nitrogen, showing good agreement.49 However,
in Ref. 49 the probabilities are numerically averaged over the
Boltzmann distribution, so that the results are not presented in
a closed analytic form.

B. O2– O2

The comparison of the FHO and Billing’s models21,22 for
O2– O2 and N2– O2, discussed further, is especially challenging.
The recent calculations for these systems, performed by Billing
and his co-workers21,22 no longer use the frequency corrected
harmonic oscillator assumption [see Eq. (9)] suggested in the

earlier H2– H2 and N2– N2 studies.19,20 Instead, more realistic
Morse oscillator matrix elements are used. Note that the inclu-
sion of anharmonicity in collinear semiclassical calculations
results in a substantial decrease of the V – T probabilities com-
pared to those for harmonic oscillator, by factors of 0.1 to 0.01,
because of the deviation of the diagonal matrix elements from
unity.48 However, Figs. 6 and 7, showing the satisfactory agree-
ment between the two models, demonstrate that this effect is
obviously less pronounced for three-dimensional trajectories.
A similar result was previously obtained in a purely classical
three-dimensional trajectory calculation for O2– Ar.50 Also, the
two models agree well with the recent SEP measurements of
the O2 relaxation rate.13– 15 Figure 8 shows both experimental
data and theoretical relaxation data, calculated by adding the
rates of the V – T and the nonresonance V – V processes.

C. N2– O2

Figure 9 compares the rate of the V – V exchange process

N (1) 1 O (0) ® N (0) 1 O (1) (39)2 2 2 2

calculated by the FHO model, and best � t to the experimental
data,51 in a temperature range 300 # T # 6000 K. Also, Figs.
10 – 12 show the results of comparison of the FHO single-
quantum V – T and V – V rates, as well as double-quantum
V – T rates in N2– O2, with the recently published data by Bill-
ing.22 As one can see, the agreement between the two models
is, again, quite satisfactory. However, the present FHO model
rates fail to agree with data for the asymmetric single/double-
quantum V – V exchange at T = 300 K

O (v 1 1) 1 N (0) ® O (v 2 1) 1 N (1) (40)2 2 2 2
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Fig. 10 Single-quantum V – T rates for N2– O2. ——, FHO
model; N, calculations of Ref. 22.

Fig. 11 Single-quantum V – V rates for N2– O2. ——, FHO
model; N, calculations of Ref. 22.

Fig. 12 Double-quantum V – T rates for N2– O2. ——, FHO
model; N, calculations of Ref. 22.

Fig. 13 Double-quantum V – V rates for N2– O2 at T = 300 K.
——, FOPT; – – – , calculations of Ref. 22; N, experimental data.14

FHO rates, being about 10 orders of magnitude less than the ex-
perimental rates, are not shown.

Fig. 14 Near-resonance double-quantum V – V rates for N2– O2

as a function of temperature. ——, FHO model; ? ? ? ? ? , FOPT.

shown in Fig. 13. Results of the present FHO model are strik-
ingly different both from the recent SEP experiment14 and from
Billing’s results,22 being about 10 orders of magnitude smaller.
Interestingly enough, the probability of process (40), calcu-
lated by the FOPT [see also Eqs. (A2), (A3), (6), and (10)]

P (v 1 1, 0 ® v 2 1, 1)FOPT

2 2 2x (O ) a v̄ j 2Ve 2
= v (v 1 1) S , j =VV 24 4v v sinh (j ) av̄O N2 2

(41)

where = (Ev1 1 2 Ev2 1)/h, = (E1 2 E0)/h, and V =v vO N2 2

u , agrees well with the experimental data and Bill-uv 2 vO N2 2

ing’s calculations22 (see Fig. 13). The failure of the FHO the-
ory, compared to the successful prediction of the FOPT, sug-
gests that process (40) occurs via a straightforward pathway
(v 1 1, 0) ® (v 2 1, 1), rather than via the most probable
FHO pathways

V– T V– V
(v 1 1, 0) ¾ ® (v, 0) ¾ ® (v 2 1, 1) (42)

or
V– V V– T

(v 1 1, 0) ¾ ® (v, 1) ¾ ® (v 2 1, 1) (43)

One can see that each of the pathways [Eqs. (42) and (43)]
includes a pure V – T virtual step, which has a very low prob-
ability amplitude at room temperature and serves as a bottle-
neck for the entire pathway, with a total probability being ap-
proximately [see Eqs. (6), (10), (16), and (17)]

2P ; P ?P # v« ?v (r/2) (44)FHO VT VV

where « and r are given by Eqs. (5) and (6). On the other
hand, the FOPT probability (42) substantially increases as the
vibrational energy defect in the process (40) becomes small
(DE /k > 30 K at v = 17). For the near-resonance process (40),
one obtains the ratio

P xFOPT e
$ (45)

P 4«FHO
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which is much greater than unity at temperatures lower than
T ; 5000 K. At higher temperatures, when V – T probabilities
sharply increase, the bottleneck no longer exists, and therefore
the FHO and the FOPT rates become comparable (see Fig.
14). This example shows that for asymmetric close-to-reso-
nance multiquantum processes at low temperatures, such as
process (40), the direct FOPT mechanism dominates the se-
quential FHO mechanism.

Analytic expressions for the FHO V – T and V – V rates (21),
(26), and (30), derived in Sec. III, can be easily used in kinetic
modeling calculations and incorporated into existing computer
codes. Such calculations have been recently performed for
nonequilibrium chemically reacting gas � ows behind shock
waves.52,53 To account for � rst-order multiquantum energy
transfer processes, similar to the process of Eq. (40), we rec-
ommend the use of a simple superposition of the FHO and
FOPT rates models. However, when using the FOPT, one has
to make sure that all the FOPT probabilities are much smaller
than unity, so that the theory is applicable.

V. Summary
In the present paper, we have analyzed the nonperturbative

semiclassical analytic V – T and V – V – T rate models, previ-
ously suggested for the forced harmonic oscillator. The models
are corrected for three-dimensional collisions, anharmonicity
of the oscillator, and for collisions between oscillators with
different frequencies. The FHO probabilities are averaged over
the Boltzmann distribution to provide analytic V – T and V – V
rates for single-quantum and multiquantum processes, includ-
ing high temperatures. The corrected FHO model is validated
by comparison with three-dimensional semiclassical trajectory
calculations and with the recent experimental data for the three
molecular systems, N2– N2, O2– O2, and N2– O2. Remarkably
good overall agreement is shown, both for the temperature and
quantum number dependence of single-quantum and double-
quantum V – T and V – V transitions, in the temperature range
200 # T # 8000 K, and for the vibrational quantum numbers
0 # v # 40.

It is shown that the multiquantum V – T and V – V processes
occur via a sequential FHO mechanism, as a series of virtual
single-quantum steps during one collision, rather than via the
direct FOPT mechanism. However, it is demonstrated that for
the speci� c case of asymmetric near-resonance multiquantum
V – V exchange at low temperatures, FHO theory gives much
too small a result, and the rate of these processes may be
successfully predicted by the FOPT. For practical calculations,
the superposition of the two models is recommended.

The FHO model gives new insight into mechanisms of vi-
brational relaxation and, being analytic, may be used for ki-
netic modeling calculations at conditions where � rst-order the-
ories are known to be inapplicable. Fortran subroutines used
for the calculations of the rates discussed in the present paper
can be easily incorporated into existing computer codes and
are available upon request.

Appendix: Comparison of FOPT
and FHO Probabilities

Let us use the FOPT for calculation of the multiquantum
V – T and V – V probabilities, thereby formally assuming a
unique straightforward two-state transition mechanism (i1, i2
® f1, f2). Then, for the exponential repulsive potential V(r) ;
exp(2ar), this will give the following result:

u9 pvss s2 1 2 2P (i ® f ) = S ? (n ) ?x sinh (A1)FOPT VT s e S D4u av̄

2s22 2 2x a v̄e(1) (2) sP (i , i ® f , f ) = [n n ] ? (A2)FOPT 1 2 1 2 s s 4s 4v v1 2

where u9 and u are given by Eq. (22), u9/u ; 103, xe ; 102 2

for N2– N2 [see Eq. (22)]. In Eqs. (A1) and (A2), we used the
following approximation for the Morse oscillator linearized
coupling matrix elements:

s
s2 1 s2 1 2 2 2x n x a h ge s e2 2 s^i uagx u f & = ^1 uagx u0& > (n )sS D2 2s 1 2 x n s 2mhve s

(A3)

which can be easily obtained from the general expression for
the repulsive potential.48 Comparing Eqs. (16) and (A1), and
using Eq. (5), at pv >> one obtains an estimate for theav̄
ratio of the FHO and FOPT V – T probabilities

s2 1FHOP 1 S u9 1VT VT 5(s21)> ; 10 (A4)S DFOPT 2 2P (s!) x u (s!)VT e

The fact that for s > 1 the FHO probabilities are much greater
than those calculated by the FOPT shows that the sequential
FHO mechanism is clearly dominant for the multiquantum
V – T transitions. A similar estimate can be easily obtained for
far-from-resonance V – V processes (pV >> . Finally, forav̄)
resonance V – V processes (V = 0) one obtains an estimate for
the ratio of the thermally averaged FHO and FOPT probabil-
ities from Eqs. (6), (17), (20), and (A2)

s21 s21
FHO 4 2 4 0 1®^P & s S a kT s ^P &®VV VV 1 0> = (A5)S D S DFOPT 2 2 2˜^P & s! 2v x m s! xVV e e

where is given by Eq. (31). At s > 1, this ratio is greater0 1®^P &®1 0

than unity if $ 102 4, which is true for molecules such0 1®^P &®1 0

as N2 and O2, except for at low temperatures, T # 300 K.20,21

Therefore, at higher temperatures, V – V exchange also occurs
principally by the FHO mechanism.
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